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In this paper theoretical methods for the evaluation of fluxes of ligand exchange processes in a transporter-mediated membrane
transport system are studied. The exchange process of a transport system is defined as a set of reactions of the transporters in the
membrane that do not result in a complete turnover and must include the following consecutive sequence of steps: the binding of
ligands from bath 1 and a subsequent release of bound ligands to bath 2 followed immediately by a binding of ligands from bath 2
and a subsequent release of bound ligands to bath 1. Thus, unlike the ordinary one-way cycles, the completion of an exchange process
does not result in a net transport of ligands across the membrane. However, since it exchanges the ligands between the two baths, the
exchange process of a transport system is closely related to the operational tracer flux of labelled ligands in the system. In this paper,
both the numerical and the analytical procedures for the evaluation of exchange fluxes in any given biochemical diagram are
discussed. In particular, we show that the exchange fluxes of a given kinetic diagram, like one-way cycle fluxes, can be expressed
analytically in terms of the rate constants of the diagram with the use of either the original diagram or an expanded diagram. The
diagram methods presented in this paper should be very useful in analyzing the mechanisms of transporter-mediated transport

systems when tracer flux data are available.

1. Introduction

The transport (active or passive) of nutrients
across cell membranes is usually catalyzed by
specific membrane proteins (the so-called trans-
porters). In general, the kinetic properties of these
transport systems can be studied by modelling a
transporter with a finite number of discrete states
undergoing first- or quasi-first-order reactions
[1-4]. For example, the facilitated transport of a
ligand across a membrane can be represented by
the simple four-state model shown in fig. 1a. In
active transport systems where the transport of
one ligand is coupled to the transport of another,
the kinetics may become rather complicated as
illustrated in fig. 2a. The kinetic schemes in figs.
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1b and 2b are called the ‘biochemical kinetic
diagram’ (or just the diagram) of the transport
system. As can be seen from these diagrams, one
common property of all transporter-mediated
transport systems is that the kinetic diagrams of
these systems contain at least one cycle. With
given rate constants, the operational steady-state
flux of transport of ligands can be computed from
the state probabilities of the diagram [1-4]. How-
ever, a more useful approach to the analysis of
transport properties is to study the rate of net
cycle completions of each individual cycle (cycle
fluxes) in the diagram. For example, individual
cycle fluxes of an active transport system are very
useful in the theoretical study of force-flux rela-
tions, degree of coupling, thermodynamic ef-
ficiency, etc. [2—4].

The individual cycle fluxes of a diagram would
not have been very useful, if they were not readily
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Fig. 1. (a) An illustrative ligand transport model. (b) The corresponding biochemical diagram of the model. Each line represents a

pair of first-order (or quasi-first-order) rate constants. The + sign indicates the direction of the flow of ligand from bath 1 to bath 2.

(c) The paths of the operational exchange process of the system. The end points of this process are states 1 and 4. The exchange steps
are in 1 2 2 and 3 @ 4. (d) The paths of the non-operational exchange process of the systern.

calculable. With given rate constants, the state
probabilities of the system at steady state can be
obtained by solving the set of kinetic differential
equations at infinite time. This method is not
applicable to the calculation of net cycle fluxes.
However, like the state probabilities, each cycle
flux in a diagram can be expressed analytically in
terms of rate constants using the diagram method
of Hill [3-5]. For example, the net cycle flux of a
particular cycle k in a diagram can be expressed
explicitly as

Jo=(r, -7 )X /% (1)

where X is the sum of directional diagrams for all
states, w, and w_ the product of rate constants
around the cycle in the + and — directions,
respectively, and X, the sum of all feed-in parts of
the cycle flux diagrams of k. Both X and ¥ as
well as 7, and #_ in eq. 1 are functions of rate
constants of the diagram. Thus, with given rate
constants, the net fluxes of each cycle in a di-
agram can be obtained and the properties of the
transport system can be studied quantitatively.
Besides the state probabilities and the net cycle
fluxes, the fluxes of one-way cycles and exchange
processes are also very important in studying
transport mechanisms, because they are closely
related to the tracer flux frequently measured in
membrane transport studies. For example, in the
simple ligand transport system in fig. 1a, if ligands
in bath 1 are all labelled and those in bath 2 are
not, then the initial increase of labelled ligands in

bath 2 will not depend on the net cycle flux of the
system, but on the flux of the one-way cycle in the
+ direction, 1 22 >3 >4 > 1, and the flux of
the ligand exchange process, 1 =2 >3-4 -3
— 2 — 1. In this exchange process, a transporter
in state 1 can pick up a labelled ligand from bath
1, cross the membrane, release the labelled ligand
to bath 2, pick up an unlabelled ligand from bath
2 (labelled ligands in bath 2 are negligible), cross
the membrane, and release the ligand to bath 1 to
return to state 1. Therefore, unlike the one-way
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Fig. 2. (a) A model for the coupled transport of ligands L and

S. (b) The corresponding biochemical diagram. (¢) The four

operational exchange processes for ligand L. (d) Two illustra-
tive non-operational exchange processes of the system.
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cycle, this process does not change the total num-
ber of ligands (labelled plus unlabelled) in the two
baths. However, similarly to the one-way cycle in
the + direction, it increases the number of labelled
ligands in bath 2 by one. This is why exchange
fluxes as well as one-way cycle fluxes are im-
portant in studying the mechanisms of a transport
system with tracer data.

As discussed in a number of recent papers
[5~8], each factor on the right-hand side of eq. 1
represents a one-way cycle flux (of different direc-
tions). Very recently, Hill [10] has shown that
one-way cycle fluxes of any given diagram can
also be obtained from an ‘expanded’ diagram de-
rived after a diagram expansion procedure. Thus,
analytical expressions for all one-way cycle fluxes
of a given diagram can be derived readily either
using the original or the expanded diagram. In
contrast to the case of one-way cycles, the fluxes
of exchange processes on a diagram have not been
well studied. In studying the relation between the
driving force and the flux ratio of an active trans-
port model, Blumenthal and Kedem [9] discovered
a diagram-expansion method in the derivation of
the tracer exchange flux of the model (see section
3). In this paper, another procedure for the
evaluation of general exchange fluxes based on the
original diagram is presented. Since the original
diagram is simpler than the expanded one, the
present method is easier to use.

We begin in section 2 with a discussion on the
formal definition and the numerical evaluation of
the flux of a general exchange process in a bio-
chemical kinetic diagram (the numerical method is
useful in checking the diagram method). The di-
agram-expansion method of Blumenthal and
Kedem is then reviewed in section 3. In section 4,
the method based on the original diagram is pre-
sented. Finally, the limitation of the diagram
methods is discussed in section 5.

2. The exchange processes of a diagram

As mentioned before, the kinetics of a trans-
porter can be described by a graph (or diagram)
specified by a set of points and arcs (or lines).
Each point in the graph represents a state of the
transporter and each arc between any two points

represents the existence of a pair of forward and
backward transitions. At steady state, each trans-
porter in the transport system constantly under-
goes transitions (a random walk) among the states
on the diagram and through the completion of a
particular walk sequence ligands may be trans-
ported from one bath to the other (a cycle comple-
tion) or exchanged between the two baths (an
exchange process). To determine what walk se-
quence corresponds to an exchange process, it is
necessary to define a few terms related to the
graph theory.

A path in a graph is a non-empty sequence [S,,
S,,..., 8,] of points (states) on the graph. §; and
S, are respectively denoted as the initial and
terminal states of the path. A path is elementary if
it does not meet the same point twice. That is, the
states of an clementary path are all distinct. Thus,
the path of a long random walk on a (finite)
biochemical diagram (such as in figs. 1b and 2b) is
expected to be non-elementary. When a state is
met by the path the second time, the path is said
to have made a ‘return’ to that state. For example,
in the sequence 12342, the path has made a return
to state 2. In general there are two kinds of return:
immediate and non-immediate. An immediate re-
turn occurs when the path returns to the state just
preceding the present one, such as in 121, 1232,
etc. If the returned state is not the preceding one,
the return is called non-immediate (such as in
12342, 12341, etc.). Thus, an elementary path is a
path without any immediate or non-immediate
return.

The arcs along a path are called the track of the
path. The track of an elementary path that makes
a non-immediate return to the initial point is the
‘cycle’ discussed above. That is, a cycle is a cyclic
path that, apart from the coincidental initial and
final points, does not meet the points twice.

Let the track of the clementary path P =[S,
S,...» S,_1, S,] be denoted as T and that of
P’=[S{, 8/....,S,_1, S;] as T’. Then, the com-
posite track, T+ 7, is called an exchange pro-
cess, if

S1=8,. 5%=8,_1, S..1=8,,5,=85y. (2)

That is, an exchange process is formed by two
elementary paths with the first arc of the first path
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coinciding with the last arc of the second path and
vice versa. The points S, (or §,,) and S, (or S7)
are referred to as the ‘end points’ of the exchange
process. The arcs between S, and S, and S, _,
and S, are called the ‘exchange steps’ of the
exchange process. These exchange steps are where
the transporters bind (S, — 8, and §,-—S,_,)
and release (S, — §; and §,_, — §,) the ligands
in an actual transport system. One must note that
the exchange process defined here is rather general
in that it includes those that are not related to
actual ligand exchange at all. For example, both
fig. 1¢ and d represent exchange processes of the
diagram in fig. 1b. However, only the former is a
true ligand exchange process. An exchange pro-
cess is called ‘operational’ if its exchange steps
involve actual ligand binding and ligand desorp-
tion (fig. 1¢) and ‘nonoperational’ otherwise (fig.
1d).

For convenience, an exchange process is re-
ferred to as ‘simple’ if path P’ is exactly the
reverse of P and as ‘complex’ if not. Thus, a
complex exchange process contains at least one
internal loop. For example, those in fig. 1c and d
are simple exchange processes and as shown in fig.
2c there are two simple and two complex oper-
ational exchange processes for the system in fig.
2a with respect to ligand L.

The formal definition for an exchange process
described above can be implemented easily into a
computer simulation program. The key point is to
recognize that an exchange process is composed of
two independent elementary paths. Thus in Monte
Carlo simulations both the immediate and the
non-immediate returns have to be eliminated from
the complete random walk record (for reduction
to an elementary path, see ref. 5) and the elimina-
tion has to be carried out separately for each path.
Other than this complication, the computer al-
gorithm is very similar to that discussed in ref. 5.
The results of a computer simulation on the di-
agram in fig. 1b are given below.

3. The evaluation of exchange fluxes using an
expanded diagram

Recently, Hill [10-13] has reported the use of
expanded diagrams in the evaluation of steady-

state properties of diagrams, such as the one-way
cycle fluxes, the mean first passage time to ab-
sorption, etc. In this section, the diagram expan-
sion procedure discussed by Blumenthal and
Kedem [9] in the evaluation of exchange fluxes
will be reviewed. Before doing so, let us define the
exact meaning of an expanded diagram.

Consider the isomeric reaction between states
A and B (a diagram) with rate constants k& and k'

k

A=2B (3)
o

If N,(t) and Ny(¢) are the number of molecules

of A and B at time ¢, then N,(¢) and Ng(¢) obey
the differential equations:

dn
df=—mu_kwﬁ (4a)
dn

mB=Mﬁ—kW® (4b)

Now consider the following set of reactions (also a
diagram):

k k
A2Be—A” (5)
e

where k and k' are the same as those in eq. 3. The
kinetic differential equations for this system are:

dN,,
A = kNy +k'Ng (6a)
de

dN,.

4= — kN (6b)

dn

mB=k(MV+NM)—HNB (6¢)

It is easy to show that eqs. 6 become identical to
eqs. 4 when N, and N, are substituted with an
N, defined as

Na + Npyw =Ny (7)

That is, if only the sum of A" and A” (not the
individual A’ and A”) is considered, the kinetic
property of eq. 5 is exactly the same as that of eq.
3. In other words, if A" and A" are regarded as the
substates of A (so that eq. 7 is satisfied), eq. 35 is
kinetically equivalent to eq. 3 and is referred to as
the expanded diagram of eq. 3.
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If the transition B — A is put back, the right-
hand side of eq. 5 is simply the mirror image of
the left-hand side (if the primes on the As are
neglected). In other words, eq. 5 can be obtained
from eq. 3 by duplicating the part of the diagram
that contains A and rate constants k and k'
about the “pivot’ point B followed by removing
the k' (the transition from the pivot point to the
nearest point; henceforth referred to as the ‘out-
bound’ transition for brevity) from the expanded
diagram. This procedure is called a ‘one-pivot’
expansion procedure. When a diagram is ex-
panded by duplicating (the diagram) about two
pivot points followed by removing an outbound
transition from either the duplicated or the origi-
nal line at each pivot point, the process is referred
to as a two-pivot expansion procedure. Like one-
pivot expansion, a two-pivot expansion also gener-
ates a diagram that is kinetically equivalent to the
original diagram.

The procedure described below can be used to
evaluate certain exchange fluxes of a diagram. The
key of the procedure is a two-pivot diagram ex-
pansion operation just mentioned above. The pro-
cedure contains the following four steps:

(1) Identify the paths of all exchange processes
(each contains two elementary paths, see above)
characterized by the end points and the exchange
steps.

(2) Duplicate the part of the diagram that con-
tains the exchange paths using the two ‘end’ states
of the exchange processes as the two pivot points.
The tracks of all exchange processes of the system
are therefore expanded into two populations con-
nected by the two end points, forming cycles (see
fig. 3a).

(3) Delete the outbound rate constant of each
duplicated path at one pivot point and delete the
outbound rate constant of each original path at
the other pivot point (see fig. 3a).

(4) Each exchange process of the original di-
agram can be identified as a one-way cycle in the
expanded diagram and its flux can be derived
using the cycle flux formula in eq. 1.

This procedure applies to any exchange process
in a diagram where the two ‘exchange steps’ of the
exchange process are either absent simultaneously
or present as a pair in any cycle of the diagram.

Table 1

Analytical expressions for the terms on the right-hand sides of
¢qs. 16 and 17 for the exchange processes in fig. 1c and d
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For example, the procedure applies to both the
operational exchange process in fig. 1c and the
non-operational exchange process in fig. 1d, but
not to the processes in fig. 2d. We have checked
the procedure with several diagrams, but will only
discuss one example here (see table 1 for another
example). We consider the exchange process in fig,
1c and wish to show that the flux obtained from
the procedure presented above is the true ex-
change flux of the system. In this case, the end
points are states 1 and 4 and the exchange steps
are 122 and 4 2 3,

When the above procedure is applied to the
diagram in fig. 1b, the expanded diagram in fig. 3a
is obtained, which contains three one-way cycles
cycles I-IIl in fig. 3b). Cycle III has the ap-
pearance of an exchange process. We wish to show
that the flux of this one-way cycle is indeed equal
to the flux of the exchange process in fig. 1c. The
fluxes of these three cycles can be expressed ex-
plicitly as:

g = au"‘zs“u“uzl/z/ (8a)
I = 04004300,0, E v Z’ (8b)
Jlll = ﬂeleu/ Z, (SC)
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Fig. 3. (a) The expanded diagram of the exchange process in

fig. 1c. Thin lines indicate single rate constants and heavy lines

double rate constants. (b) The three-cycle diagrams of the

expanded diagram. Cycle III has the paths of an exchange
process.

where «,; is the rate constant between states i/ and
J of fig. 1b, the Z; (i=I1-I1I) the sums of the
feed-in parts of the cycle diagrams in fig. 3b, ¥’
the sum of directional diagrams of all states of fig.
3a, and =, the product of rate constants of the
exchange paths in fig. 1lc. From the diagrams in
fig. 3, it is easy to show that

X=X 0= a0z T &p30ay + 00 (9)
Xm=1 (10)
Ty = 012030340 43003505 (11)
2 = (ag0y + apeyy + ayaz) ) (12)

where ., as given in table 1, is the sum of direc-
tional diagrams of all states of the original di-
agram in fig. 1b.

Now let us consider the physical meaning of
fig. 3a. It is easy to see that the expanded diagram
in fig. 3a is exactly the complete kinetic diagram
of the transport system in fig. 1a under the condi-
tion that only labelled ligands are present in bath
1 and only the unlabelled in bath 2. In this case,
ligand-bound transporters can be classified into
two groups: one bound with labelled ligands (2
and 3") and the other with unlabelled ligands (2"
and 3”'), as shown in the diagram. That transitions
4 -3 and 1 > 2" are absent in the diagram is
due to the fact that no labelled ligands are in bath
2 and no unlabelled ligands are in bath 1. The
steady-state flux of labelled ligands (the tracer

flux, J,) flowing into bath 2 in this system is
equal to the transition flux of the binding of
labelled ligands from bath 1 or the desorption of
labelled ligands to bath 2:

Je= Py @y py=aypy=Ji+Jy (13)

where the ps are the steady-state probabilities.
The last equality comes from the fact that a transi-
tion flux can he expressed in terms of participat-
ing cycle fluxes (see refs. 2-4).

As mentioned in section 1, if all ligands in bath
1 are labelled while those in bath 2 are not, then
the steady-state tracer flux from bath 1 to bath 2
in fig. 1a is equal to the sum of the one-way cycle
flux in the + direction (J,) of the cycle in fig. 1b
and the flux of the exchange process (J,,) in fig.
lc:

Jo=J 4+ Jex (14)
J . can be obtained from eq. 1 and fig. 1b as
J = a0/ Y - (15)

With egs. 9 and 12, it is easy to see that the J _ in
eq. 15 is exactly equal to the J; in eq. 8a. From
eqs. 13 and 14, the exchange flux of fig. 1c (J,,) is
then exactly identical to the flux of cycle III (Jyy;)
in eq. 8c.

Thus, in general the flux of an exchange pro-
cess in an arbitrary diagram can be expressed
analytically as

Jon = 1 20,/ X (16)

where 7_, is the product of rate constants along
the two exchange paths, ¥, is the sum of the
feed-in parts of the cycle diagrams of the ex-
change process in the expanded diagram, and ¥’
the sum of directional diagrams of all states of the
expanded diagram. Explicit expressions of these
terms for the exchange processes in fig. 1c and d
are listed in table 1.

As a numerical check, a Monte Carlo stimula-
tion for the process in fig. 1c was carried out with
the following rate constants: a;, =10, a, =2,
03=3, a3, =3, ay, =1, a,,=0.01, a, =0.01,
a4, =0.01. As shown in table 2, the simulated
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Table 2

State probabilities, cycle fluxes, and the exchange flux for the
system in fig. la evaluated by the diagram and the Monte
Carlo methods

Diagram method * Monte Carlo method ®

2 0.005358 0.005382
Pa 0.022175 0.022172
73 0.019015 0.019014
Pa 0.953427 0.953432
gy 0.009499 0.009499
J_ 0.000019 0.000019
Jox 0.005182 0.005179

¢ The values of J,, J_ and the ps were evaluated using the
usual diagram method of Hill [3]. The value of J, was
calculated from the formula in table. 1.

P The total number of transitions in the simulation was 100 X
10°.

exchange flux was found to agree with that calcu-
lated from eq. 8c.

4. The evaluation of exchange fluxes using the
original diagram

In section 3, we presented the derivation of
analytical exchange fluxes (as a function of the
rate constants of the system) through the use of an
expanded diagram. In this section we show that
the same formula can also be obtained from the
original diagram without going through the di-
agram expansion procedure of the previous sec-
tion. To do so, we need to define some new
diagrams.

If there exists a line (arc) between the two end
points of the exchange processes, the line is called
the ‘axis’ of the exchange processes. If no single
line exists, draw a line between them and refer this
line as the axis of the exchange processes. Then,
the ‘directional diagrams of the axis’ are defined
as the diagrams that contain the maximum num-
ber of directed lines flowing into the axis without
forming any cycle. For example, the directional
diagrams of the axis of the exchange process in
fig. 1c are shown in fig. 4a.

If one of the two elementary paths of an ex-
change process is added to the axis, the combined
diagram is an ordinary cycle. The diagram with all

directional feed-in parts of this cycle is called the
‘cycle diagram of the axis’. There are two sets of
cycle diagrams of the axis for each exchange pro-
cess (because each exchange process contains two
elementary paths). If the exchange process is sim-
ple, the two cycle diagrams of the axis are identi-
cal. Otherwise, the two are different. For example,
the two cycle diagrams of the axis of fig. 1c are
identical as shown in fig, 4b.

With these new terms, the flux of each ex-
change process of an arbitrary diagram can now
be expressed explicitly as

Jo=1, 1, Y, A(E . XT) (17)

where m,, is the product of rate constants along
the two paths of the exchange process (eq. 11), =
the sum of directional diagrams of all states of the
(original) diagram, 2., the sum of the feed-in
parts of all directional diagrams of the axis, and
L, and L, the sums of the feed-in parts of all cycle
diagrams of the axis of the two exchange paths.

Again we will use the exchange process in fig.
lc to confirm eq. 17. From fig. 4, it is easy to see
that

2.=x,=1 (18)
Do = apltny F 30y + gy (19)

With these equations and the ¥ (eq. 12), the
exchange flux in eq. 17 can easily be shown to be
identical to the Jy; in eq. 8c.

As another example, each individual term on
the right-hand sides of eqs. 16 and 17 for the
exchange process in fig. 1d (a non-operational

a3zag 23034 az1034
e / !

(a) b

Fig. 4. (a) The directional diagrams of the axis of the exchange

process in fig. 1c. The axis is represented by a heavy line. The

product of rate constants of the feed-in part of each diagram is

indicated by each diagram. (b) The cycle diagram of the axis

for the two paths. There is no feed-in part on the diagram. The
weight for this diagram is therefore equal to 1.
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Fig. 5. (a) The expanded diagram of the exchange process in fig. 1d. (b) The directional diagrams of the axis. (¢} The cycle diagrams
of the axis for the two paths.

exchange process) is listed in table 1, along with
that for the exchange process in fig. 1c. The corre-
sponding expanded diagram and the directional
and cycle diagrams of the axis of this non-oper-
ational exchange process are shown in fig. 5.

5. Discussion

The purpose of this paper is two-fold: (1) To
present the formal definition of a general ex-
change process on a biochemical diagram so that
exchange fluxes of a membrane transport system
can be evaluated numerically using Monte Carlo
simulation; (2) To show that the fluxes of certain
exchange processes on a biochemical diagram can
be expressed analytically as a function of the rate
constants of the diagram using either the original

diagram (eq. 17) or an expanded diagram derived
after a simple diagram expansion procedure (eq.
16). The methods should prove useful in the anal-
ysis of transport mechanisms when experimental
tracer fluxes are available.

If one is interested only in the analytical ex-
pression of an exchange process, the method based
on the original diagram is preferred because the
diagram is simpler than the expanded one. On the
other hand, if one is interested only in numerical
values, then the method based on the expanded
diagram is better. This is due to the fact that
exchange processes become one-way cycies in the
expanded diagram and their fluxes can be calcu-
lated from the state probabilities which in turn
can be obtained by solving a set of linear algebraic
equations. The same situation occurs in the use of
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expanded diagrams in the calculation of one-way
cycle fluxes as discussed by Hill [10].

Although the original goal of this work was to
study the operational ligand exchange flux, the
exchange processes defined here in section 2 are
very general in that they include non-operational
as well as operational exchange processes (see fig.
l¢c and d). That 1s, the exchange steps of an
exchange process may or may not involve the
actual ligand binding and ligand desorption reac-
tions, Since a computer simulation algorithm does
not depend on the nature of the exchange steps,
numerical computer calculations are applicable to
any exchange process. In contrast, the diagram
methods presented in sections 3 and 4 are applica-
ble only to certain exchange processes. In general,
whether diagram methods apply depends on the
positions of the two exchange steps of the ex-
change process in the diagram. If the two ex-
change steps of the exchange process under con-
sideration always appear simultaneously as a pair
in the cycle in which they are present, the diagram
methods are applicable. For example, they are
applicable to the exchange processes in figs. lc, d
and 2c, but not to those in fig. 2d. Since the
binding and desorption reactions of ligands from
baths 1 and 2 always appear as a pair in any cycle
where they are present, the diagram methods are
always applicable to operational (actual) ligand
exchange processes.

Finally, it is worth noting that the completion
of an exchange process or a one-way cycle on a
diagram is identical to the return to the starting
point of a random walk on the diagram. That is,
the calculation of one-way cycle and exchange
fluxes can be treated as a random walk problem.
The main difference between this and the ordinary
random walks is that in this case the walk space is
finite (a two-dimensional lattice), not infinite. In
addition, we are interested in the distribution of

first-passage times of completing certain walk se-
quences in the present case, instead of the spatial
distributions often discussed in the ordinary ran-
dom walk problems. In this and other [7-13]
studies, the mean first-passage times for the com-
pletion of cycles and exchange processes have
been derived, In another paper, we will report the
studies of other stochastic properties of the sys-
tem, such as the distribution of the first-passage
times, the completion of processes other than the
one-way cycles and the exchange processes dis-
cussed in this paper, etc.
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